ABSTRACT. The object of this paper is to extend some recent generalizations of Petrovic 's inequality by Vasic and others. We shall also use our technique to obtain some results which have interesting applications in the theory of Fourier series as well as the theory of approximations.
1. Introduction. M. Petrovic [9] (see also Mitrinovic [7] ) has obtained the following result:
If Recently, there have been various generalizations of this inequality, some of which were given by Markovic [6] , Vasic [11] , and Keikic and Lackovic [5] . (For further references on these and other generalizations, see Mitrinovic [7] .)
The purpose of this paper is to give an improved version of this elegant inequality of M. Petrovic and to discuss in detail some of the consequences and applications of our main results. This inequality was proved by P. M. Vasic [11] , who made use of the property of convex functions. He obtained from this inequality generalizations of certain inequalities of D. Markovic [6] and S. Gatti [2] . Further generalizations of his results were also given by Keökic and Lackovic [5] .
We shall obtain in this section some generalizations of Vasic's results. Indeed, our results will show that Vasic's results and other existing similar results hold under weaker conditions. Throughout this paper, a = (ak) ^.^ will **■ Ht ^ K ^s ft denote a sequence of real numbers so that S"=1ak > 1, with equality if and only if « = 1. In order to prove our main results, we shall make essential use of the following inequality of Steffensen [10] (see also [7] Remark. For the necessary and sufficient conditions for inequality (2.3) to be strict, see [3] .
Since the conditions for strict inequality in the results of this paper follow from those of the lemma, we shall always be tacit about the necessary and sufficient conditions for equality. Summing up this series of inequalities over k, 1 < k < n, we obtain the assertion of the theorem.
By the same method, the following theorem can be proved. Suppose x_fc = x0 = 0, 1 < k < n, and ak > 1, 1 < A: < n, then inequality (2.4) reduces to inequality (2.1). Of course, under the weaker assumptions ak > 0, 1 < k < n, with 2£=1afc > 1, one obtains the improved version of inequality (2.1), namely:
A similar inequality analogous to inequality (2.6) can be obtained from Theorem 2.2. Indeed, if we put xk= x0 = 0, 1 < fc < «, in inequality (2.5), we obtain
where (*_fc)i<fc<n is a nonpositive decreasing sequence in ( Proof. Put cÄ =-ak, -m < k < « -1, c" = 22=_mafe, zfc = £fc, -m<&<«-l and zn = (2,k=._mak)2k=_mak%k in the Jensen-Steffensen inequality for sums (i.e. the lemma). Then the conditions for the validity of inequality (2.3) are fulfilled. Hence, the assertion of the theorem is immediate.
Suppose m = 0, a0 = 1 -2£=1afc and £0 = 0. Then, we obtain the following special case of the theorem. Proof. From Theorems 2.1 and 2.2, we have respectively: Using this inequality in the above inequality, we obtain inequality (2.9). From inequality (2.9) for m = 0, x0 = 0 and ak = X~lpk >0 (X>0,pk>0), 1 < k < n, we get the inequality It is readily verified that this theorem generalizes inequality (2.12). The case |ar| = X = 1 is the improved version of inequality (2.6). Since this theorem can be obtained by a repeated application of inequality (2.6), the proof is, therefore, omitted.
Observe however than an extension of inequality (2.11) can be obtained as a direct consequence of Theorem 2.3. Under more restrictive hypotheses on the pks and xks, the conclusion of Theorem 2.6 holds when condition (2.12') is relaxed. The proof of the theorem is, therefore, obvious. In a similar way, using Theorem 2.7, we obtain the inequality:
HÍ-^p7)-T'^p7)\ 3. On a theorem of Boas. As an application of our results, we shall obtain the following result which has many interesting applications in the theory of approximation as well as Fourier series. (ii) K(m, n) =0 for m> n, K(0, n) > 1 and K(m, n) decreases in both arguments for m < n, or (iii) K(0, n) = 0 for each n, K(m, n) = 0 for m<n and K(m, n) decreases in m and is monotonie in n for m>n.
Then, for any arbitrary positive number X suchthat 2^I__r/L'(nz, n)X_1 >1, -°° < r, s < °°, we have In either case, it follows that inequality (3.1) holds with A(p, \K) = S^KQ., u)du, which proves case (iii) of inequality (3.1). This completes the proof of inequality (3.1). The proof of inequality (3.2) is similar. Indeed, all we need is to observe that inequalities (3.1) and (3.2) are equivalent. To see this, write q = 1/p (p > 1) and ap = bm in inequality I 2 K(m,n)bm~\q <Xq~l 2 K(m,n)bqm.
\_m=-r m=-r
The same argument as above completes the proof of the theorem. Numerous interesting applications of the results in this paper provide short methods of obtaining results analogous to those that are similar to Hubert's double-series theorem (cf. [3, Chapter 9] ). Some results in the theory of approximations and on the absolute convergence of Fourier series are further applications of the results of this paper. These applications will appear elsewhere.
